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Abstract 

In this paper we describe a family of locally conformal Kahler metrics on class 1 



Hopf surfaces Ha,f3 containing some recent metrics constructed in [ G098 |. We study 
some canonical foliations associated to these metrics, in particular a 2-dimensional 
foliation fa,/3 that is shown to be independent of the metric. We elementary prove 
that £a,p has compact leaves if and only if q™ = /3" for some integers m and n, 
namely in the elliptic case. In this case the leaves of £a,[3 give explicitly the elliptic 
fibration of i?Q,/3, and the natural orbifold structure on the leaf space is illustrated. 



1 Introduction 

The study of metrics on complex surfaces arose in the sixties out of Kodaira's classification 
of minimal complex surfaces in seven classes Iq,- • • jVIIq (see [ [Kod64 , KodGC, Kod68a, 



Kod68b| ): which complex surfaces, with respect to this classification, admit a Kahlerian 



metric? The surfaces in classes Iq, IIIq and Vq are easily seen to be Kahler, while the 
surfaces in classes VIq and VIIq are not, due to topological obstructions (their first Betti 
number is odd). The surfaces in class IVq are Kahler as shown by Miyaoka and in 1983, 
when Todorov and Siu proved that every surface of class IIq is Kahler, the question was 
at last settled: only the surfaces of classes VIq and VIIq are not Kahler (see for instance 
| BPV84|| ). 



Is there a weakened version of the Kahler hypothesis that we can hope to prove for 
surfaces in classes VIq and VIIq? The notion of locally conformal Kahler manifold was 
introduced in this context by I. Vaisman in Vai76|] ; in [[Vai79| ] he thoroughly studied 



locally conformal Kahler metrics with parallel Lee form; subsequently F. Tricerri in [ Tri82 | 
gave an example of a locally conformal Kahler metric with non-parallel Lee form. Further 
properties of locally conformal Kahler manifolds were proved by B. Y. Chen and P. Piccinni 



in [CP85]; in particular, the existence on them of some canonical foliations. Until 1998, 
there were very few examples of locally conformal Kahler manifolds, namely some Hopf 
surfaces, some Inoue surfaces and manifolds of type (G/A) x where G is a nilpotent or 
solvable group. Recent results were obtained by P. Gauduchon and L. Ornea in the paper 
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|G095], where they showed that every primary Hopf surface is locally conformal Kahler 
by finding a (family of) locally conformal Kahler metric (with parallel Lee form) on those 
of class 1 and then deforming it; and by F. A. Belgun in [ [Bel99(| where he classified the 
locally conformal Kahler surfaces with parallel Lee form and showed that also secondary 
Hopf surfaces are locally conformal Kahler. 



In this paper we show that the metrics written in |G098| for Hopf surfaces of class 1 
belong to a family of locally conformal Kahler metrics that are parametrized by the smooth 
positive functions defined on the circle S^. Among all these locally conformal Kahler 
metrics, the only ones with parallel Lee form are those of |G098| ]. Then we explicitly study 
the canonical foliations associated to the metrics of this family. Class 1 Hopf surfaces -ffa,/? 
are elliptic if and only if an algebraic condition is satisfied, that is a*" = /?" for some 
integers n and m (see [ Kod64| , 2]). We find that, whenever this condition is satisfied, 
one of the canonical foliations gives exactly the elliptic fibration. Finally, we examine the 
regularity of this foliation and the natural orbifold structure on the leaf space. 

In section ^ we give some basic preliminaries and we enounce more precisely the theorem 
of [G098| we used (see theorem 2.2). 

In section we develop some tools we shall need, namely a diffeomorphism between 
Ha^fS and 5^ x (see formula (|5|)), a parallelization on 5^ x 5^ (see formulas (^)) and the 
explicit description of the induced complex structure on x 5^ via the diffeomorphism 
(see formulas (§)). This is the point of view we adopt to study Ha^/^. 

In section |3.2| we study the simplest case, that is a = /3: we note that with our 
point of view there is a nice interpretation of the classical invariant metric (dzi dzi + 
dz2 dz2)/ {zizi + Z2Z2) on — (it is expressed as the identity matrix), then we deform 
it by means of a positive function /i : S"^ ^ M and we obtain a family of locally conformal 
Kahler metrics. The Lee form is parallel if and only if h is constant. 



In section 3.3 we generalize the previous results to the case ||a| 



In section 3.4 we observe that the previous cases do not generalize directly, since there 
is no classical invariant metric in this case. We apply our method to the metric of [ |G098 | to 
obtain a family of locally conformal Kahler metrics on H^^^p (see theorem p. 3D parametrized 
by the real positive functions on . Then we verify that the only metrics with parallel 
Lee form in this family are the ones of iG09^ ( see theorem |3.3|) . 

In section ^ we begin by recalling the definitions of four canonical distributions on 
a locally conformal Kahler manifold, as given in [ CP85|P^ , then we study each of them 
in detail. We remark that they are all integrable and explicitly find the leaves, then 
we study their properties obtaining necessary and sufficient conditions for compactness 



(see theorems 4.2, 4.3 and |4.6|). 



(1) 



In 



CP85, proposition 4.7] these distributions are studied for diagonal Hopf surfaces Ha with the metric 



{dz\ ® dz\ + dz2 ® dz2)l(z\z\ + Z2Z2). Other canonical distributions are studied in [Pic90 . 
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In section H we recall the definition of elliptic surface, as given in [|Kod64|] . Then we 



show that when the foliation has all compact leaves -and this happens, according 



to theorem 4.6, if and only if a™ = /3" for some integers n and m-, we can identify the 



leaf space with P^C in such a way that the canonical projection is a holomorphic map 



(see theorem 5.1). This means that, whenever Ha^p is elliptic, the ellipticity is explicitly 
given by the foliation £a,p- 

In section ^ we recall the definitions of regularity and quasi-regularity, and we show 
that £a^p is quasi-regular if and only if Ha^p is elliptic, and it is regular if and only if a = /?. 
The quasi-regularity gives the leaf space a natural structure of orbifold with two conical 
points. 

2 Preliminaries 

A Hermitian manifold (M^", J, is called locally conformal Kdhler, briefly l.c.K., if there 
exist an open covering {C/jjjg/ of M and a family of smooth functions fii f/j ^ M 

such that the metrics gi on Ui given by 

def _ f. 

I J 

are Kahlerian metrics. The following relation holds on Ui between the fundamental forms 
ili and ill respectively of gi and g\ : 



so the Lee form lo locally defined by 



is in fact global, and satisfies dVt = f\Vt. The manifold (M, J, g) is then l.c.K. if and only 
if there exists a global closed 1-form uj such that 

dVt = u) 

(see for instance the recent book [p098| ]). 

As Kodaira defined in [ Kod66| , 10], a Hopf surface is a complex compact surface H 



whose universal covering is — 0. If tti{H) ~ Z then we say that H is a primary Hopf 
surface. Kodaira showed that every primary Hopf surface can be obtained as 

^y^, fizi,Z2)=^ {azi + Xz^,l3z2), 
where m is a positive integer and a, (3 and A are complex numbers such that 

(a-/3™)A = and ||a|| > ||/3|| > 1. 
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We write Ha^p^x^m for the generic primary Hopf surface. If A / we have 

f{zi,Z2) = {rZl + \z^,Pz2) 

and the surface Hf3^x,m '= Hprn p ^ .^ is cahed of class 0, while if A = we have 

fizi,Z2) = {azi,Pz2) 

and the surface H^^fs *== -ffa,/3,o,m is called of class 1 (this terminology refers to the notion 



of Kdhler rank as given in [HL83, § 9]). 

A globally conformal Kahler metric on — (that is, of the form e~-^g where 
/ : — ^ R and g is Kahler), which is invariant for the map (zi, Z2) ^ (azi +Az™, I3z2), 
defines a l.c.K. metric on -ffa,/3,A,m: this is the case for the metric 

dzi (g) dzi + dz2 ® dz2 

Z\Zx + Z2Z2 

which is invariant for the map (zi, Z2) ^ {azi, f3z2) (and so defines a l.c.K. metric on Ha^p) 
whenever ||a|| = The Lee form of this metric is parallel for the Levi-Civita connection 
(see |Vai79i ). 

In jVai82 |, I. Vaisman called generalized Hopf (g.H.) manifolds those l.c.K. manifolds 
(M, J, g) with a parallel Lee form. Recently, since F. A. Belgun proved that primary Hopf 
surfaces of class do not admit any generalized Hopf structure (see |Bel99|), some authors 
(see for instance [p098| , |G098|] ) decided to use the term Vaisman manifold instead. We 
shall adher to this terminology and thus give the following 

Definition 2.1 A Vaisman manifold is a l.c.K. manifold (M, J,g) with parallel Lee form 
with respect to the Levi-Civita connection of g. 

Define the operator by d^(/)(X) =^ -df{J{X)) for / e C°° and X G X(M), and 
call potential on the open set U of the complex manifold (M, J) a map f -.U ^M. such that 
the 2-form on lA of type (1, 1) given by {dd^f)/2 is positive: namely, such that the bilinear 
map g on X(Z^) x X(Z^) given by 

<7(x,y)1i^-^(j(x),y) 

is a (Kahlerian) metric on U. 

Take the potential ^a,i3 : - ^ M given by 



where 9 is given by 



^ , , def (log||^ll+l°g||/3||)9 

^a,/3(-Zl,^2) = e 2t (3) 



+^C = 1. (4) 



fllog II all ' fllog \\0 

e T e 



In | G098|| the following theorem is proved: 
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Theorem 2.2 (| G098| , Proposition 1 and Corollary 1]) The metric associated to 
the 2-form of type (1, 1) on — 

is invariant for the map (21,^2) ^ {o!Zi,l3z2). The induced metric on H^^p is Vaisman for 
every a and (3. 



3 Some metrics on x S"^ 

3.1 Definitions, notations and preliminary tools 

We look at the 3-sphere as 

and at 5^ as the quotient of M by the map 9^9 + 2tt. The manifolds 5^ x 5'^ and Ha,f3 



are diffeomorphic (see | Kat75 , theorem 9]) by means of the map Fa^p given by F in the 
diagram 



53 



X 53 



C2-0 

/ 

C2-0 



where 



def 



h{9,{Ci,C2)) = (0 + 2^,(6,^2)), 



def 



7(6,^2) = («ei,/36), 

Hpf e log c« e log 13 

^(6,6)) = (e^ei,e^e2). 

If [zi, Z2] is the element in H^^^ corresponding to (^i, Z2) G — 0, we have 

def log g log /3 

^a,/3(6',(6,6)) = [e 2- 6,e 2- 6] 



and the inverse is 



-1 f log a 6 log /3 

i^"«([2i,^2]) = (0,(e ^2i,e 2^Z2)) 



(5) 



a,/3 



where is given by (^). 

Via this diffeomorphism we can transfer the complex structure of Ha^/s to x S^. We 
shall use the notation Ja^p for this complex structure on x S"^; in particular the Ja,a 
on X were studied and classified by P. Gauduchon in |Gau81, propositions 2 and 3, 
pages 138 and 140], by means of the parallelizability of x S^. 
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(6) 



Let H be the non commutative field of quaternions, and let us identify it with by 
means of (^1,^2) ^ +iC2- Let 6 be the point in 5-^ C C given by the embedding 6 \—>- e'^, 
and let Q = Q(ai, 02, 0^,04) be the point in 5''^ C EI that, in the above identification, gives 
the complex numbers ^1 = ai + 102 and (,2 = Oi^ + 104^. We shall use the parallelization 
£ *== (ei, 62, 63, 64) on x (and its dual £* = {e^, e^, e^, e^)): 

ei{{e,Q)) = ie''eTg{S'), 

e2{{0,Q)) =^ iQ = {iCi,i^2) = {-a2,ai, -04,03) G Tq{S^), 
e3{{0,Q)) '= jQ = (-6,6) = (-a3,a4,ai,-a2) G Tq{S^), 
e4i{9, Q)) =^ kQ = {-i^2, i^i) = (-"4, -as, 02, ai) S Tq{S^ 
The differential structure of this frame is given by the following formulas: 

de^ = 0, de2 = 2e^Ae^, de^ = -2e^ A e^ de^ = 26^ A e 

and the non-zero brackets are 

[e2, 63] = -264, [62, 64] = 263, [^3, 64] = -262- 

One finds that 

loe: Q 9 log Of eioga loe d eiog/3 eiog/3 

dF = (^e^CidO + e^dCi) a,, + {^e^C2de + 6^d6) ® 5,,. (7) 
zvr zvr 
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Letting G be the complex function on x given by (see [G098, formula 45]) 

G(^,(ei,6)) = llCif loga + ||6f log/3 

= ||6f log ||a|| + log m\ + i(||6f arga + arg/3), 
the complex structure Ja,f3 with respect to the basis £ is given by 
, , , JmG ||G||2 9^6(iei6Glog(a//3)) Jm (i^i^Glog (a/^)) 

^,Mei) - -^ei + ^^^^2 ^^^^^^ 63 ^^^^ 64, 

^ . , 2^ JmG 9^6 (gi61og(a//3)) Jm (6^2 log (a//3)) 

^«,Me2) = -^ei + ^62 63 ^ 64, 

Ja,f3{e3) = 64, 

Ja,p{ei) = -63, 

(8) 



(see |G098, formulas 49], where the notations T, Z, E, iE, z\, Z2 and F are used instead 
of 27r6i, 62, -63, -64, 6, 6 and G). 

The real vector bundle T{S^ x S"^) of rank 4 becomes a complex vector bundle of 
rank 2 by means of Jq.,/?: the two vector fields 62 and 63 are independent over the complex 
numbers and, with respect to this basis, a hermitian metric on x is expressed by 
means of a hermitian 2x2 matrix. 
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3.2 Case a = P 

Since the pull-back of the metric (^) by means of F^^a is the identity matrix in the 
Ja^Q-complex basis (e2, 63) of T{S^ x S^), we wonder whether there exist other l.c.K. metrics 
given by hermitian matrices of the form 



k 
1 



(9) 



where k: x ^ M"*" is any real positive function; the Lee form is given by 

, log ll"ll 1 
cj = —k e 

vr 

and by imposing the l.c.K. condition duj = we obtain 

e2(fe)=0, log||a||e3(A;)+7rei (^^) =0, log ||a||e4(A;) + Trei (^^^ = 0. 

(10) 

This second order differential system is certainly solved by a function k which satisfies 
62 (^) = 63 (/c) = 64 (fc) = 0, namely, which depends only on 6; using Fa^a in the opposite 
direction we obtain the invariant metrics on — 0: 



(IkilP + \\z2f) ^ y {k{e)zizi + Z2Z2) dzi dzi + {k{e) - l) Z2Zidzi dz2 
+ {k{9) - 1) ziZ2dz2 dzi + {zizi + k{6)z2Z2) dz2 dz2^ 

where 

^_ log(||zif + ||z2f) 

21og ||a|| 

and A; is a positive function on 5^, i.e. a positive 27r-periodic real variable function. 
Let us call 9^ the 1-forms 



(11) 



4 

i=l 



of the Levi-Civita connection. By the structure equations of Cartan we obtain 

]^ _ A;'(log^ ||a|| — arg^ a) ^ vrfc'arga 2 ni _ vr/c'arga ^ In'^k' 2 

2/clog ||a|| /clog ||a|| /clog ||a|| A;log ||a|| 

/c'll log alp arg a 1 /c'lllogalP 9 /c'lllogalP 1 vr/c'arga 9 

•^1 = „ , H — ' ^2 = — — IrT^e H TV-;;^ ' 

47r/clog ||a|| 2/clog ||a|| 2A;log ||a|| /clog ||q;|| 

^32 = e^ ^i = -fee^ el = ke^ 9l = -e\ 6^ = -^^^e' + (2 - k)e^ 

3 _ /cargg 4 4 _ fcarga 3 . _ /cargg . 9 

^1 - 2^ ' ^1 " 27r ' e +[k 2)e , 

9^ = 9^ = 9^ = 9^ = 0. 
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A straightforward calculation thus gives 

A:'||loga|P 1 fc'arga a ^ A;'arga i 2-Kk' o 

Vei^^ = -TT—j — iTir'^ ~i — rir^ ' Ve2w = -- — |---e -- — n— , 

27rlog||a|| log||a|| log ||a|| log||Q|| 

Ve^UJ = Ve^UJ = 0. 

So, in the family of l.c.K. metrics given in ([Tl|), the Vaisman ones are those in which k 
is a constant function: 

(||zi|p + 112:2 ^ (fczizi + 2:2^2) dzi (8) d^i + (A; - 1) 22^1 c?2i (g) dz2 

+ {k - 1) ZiZ2dZ2 ® dZi + {ziZi + ^22 ^2) (^'^2 ® (i22^ . 

3.3 Case ||a|| = 

Again the pull-back via i^o,/3 of the metric (|2|) is given by the identity matrix in the 
<^a,/3- complex basis (62, 63), and we can repeat the same construction: the hermitian matrix 

{:;) 

where k: S"^ x ^ is a real positive function, is a l.c.K. metric if and only if it is a 
solution of 



e2{k) = 0, 



+2 (^log||a||e3(fc)+7rei ) ) = 0, 



,^ , , (log ||a||e4(/c)A; — l)e4(e3(A;)) „A ,, ,, f eAkV 

+ arg-Jm(gi6) ^ " " ^ - 2 ( log ||a||e4(fc) + ^ei ' ^ 



Computations are now much harder, due to the factor arg(a//3): nevertheless we obtain 
again that any function k: S"^ <Z S"^ x ^ is a solution, and we again obtain 

_ k'WGf 1 k'lmG o „ k'3mG . 2^k' . 

We.oj = — - — -e — - — - — -e , VeoW = — -; — n — n"^ n — n"^ > 

27rlog||Q|| log||a|| log||a|| log ||a|| 

VegW = Ve4W = 0, 

/ A; \ 

that is, the l.c.K. metric given in the complex basis (62, 63) by is a Vaisman met- 
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ric if and only if k is constant. We thus get the following 
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Proposition 3.1 The formula gives a family of l.c.K. metrics on H^^p, in the case 
\\a\\ = In this family the Vaisman ones are given exactly by constant functions k. 

Remark 3.2 A family {gt}t>-i of l.c.K. metrics (in the case ||a|| = ||/3||) can be found 



in [Vai82, formula 2.13]. The metrics of this family coincide (up to coefficients) with the 



metrics of our family with k constant, where k = t+1. The claim, on page 240 of iVai82|| 



that only go has parallel Lee form is uncorrect. The author uses the Weyl connection with 
the hypothesis 0Jt{Bt) = = 1, before proving that ujt is parallel: in such a way, what 

is in fact proved is that go is the only metric with Vtj = and \\uJt\\ = 1- Actually, by 
using (2.14) and (2.17), one can check that \\u)t\\ = 1 + hence the same computation 
proves that all the gt have parallel Lee form. I acknowledge a useful conversation and an 
exchange of e-mail messages with I. Vaisman. 

3.4 General case 

Unfortunately the same construction doesn't apply to the general case since the metric (|2|) 
is not invariant, hence is not defined on H^^p 

As a starting point we use the l.c.K. metric given by P. Gauduchon and L. Ornea in 
the recent work [G098|. At the beginning of their paper they explicitly find a family of 



Vaisman metrics on H^^p by modifying the potential of (§): we make a further modification, 
using the same ideas of the previous cases. 

Let / : ^ ^ M be a real function defined on an open set lA of M, and 

the real positive function given by 

^a,/3((^,(ei,6))) = e'^'^. (12) 
The local 2-form =^ ^d(F^ct,(5 is 

^ ^^^pT:l' / I'^ + l" 12 _ 9^e(eig2)(log ||«|| arg/3 - log \\/3\\ argg) 

meG V ^' ^ TT^eG ^ 

_ 3m(66)(log l|a|| arg/? - log ||/?|| arg a) _ 2 ^^6(6^2) log(||«||/||/?||) 23 

2Jm(gi6)log(||«||/||/3||) 04 , .34 
meG ^ + ' 

where we denote with e*-' the wedge product e* A e-' . The matrix of the hermitian bilinear 
formP^ in the complex basis (e2, 63) of 5^ x is 

2$a,/3vrr^ (13) 



(^'Given by }1(X, Y) -^(JX, Y) - i^{X, Y). 
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where 



def 



^6^2 log(||a 



me^G 



I' 



«66 log(||a 



me'^G 
1 



v 



/ 



me'^G meG 
The condition that Q be positive translates then in I' and /'^ + Z" both positive. So we 



have a local generalization of the proposition 1 in |G095], that is we can take the local 



function e as a potential ^q.,/?, where I is increasing and l'^ + 1" >0 on U. 

In the matrix ^ the dependance on 9 is only given by (/'^ + ■ Consider a family 
{^w}t/G!7 of local functions, where U is an open covering of M, all satisfying /' > and 
V'^ + 1" > Q and such that the quantities (/'^ + Z")/^' paste to a well defined function h on 
S*^. The matrix ( p!3| ) then gives a global hermitian l.c.K. metric on (S"^ x 5'^, Ja,p)- In fact 
such a family can be found, as we show in the following 

Theorem 3.3 Given any real positive function h with period 27r on M, the metric ^ 
given in the complex basis (£2,63) ofT{S^ x S^) by the hermitian matrix 



I ||gif||g2f log^d 
^e^G ^He^G 



a 



«661og(ll" 



V 



<iC2 log(||a 



is (well defined and) l.c.K on {S"^ x S^, J^,/?). 

Proof: For fixed /i, the Cauchy problem 

V"^ + /" _ 
V ~ 
^'(^0) > 



^e^G 
1 

^eG 



(14) 



satisfies the local existence theorem for any 6q £ M. This means we can find an open 
covering [/ of M and functions lij: U which satisfy the equation. Moreover U and 
{lu}ueU can be chosen so that h is increasing for any U £ U; finally, note that, since h is 
positive, so is /'^ + and this gives the required family. ■ 
The previous theorem extends the corollary 1 of | |G098 |. 

The Lee form of the metric g^ ^ associated to a function h is given by (see (|l]) and 
(0)) 



uj = -d\og (2$^,^7r/') 



-he' 



Remark 3.4 li h: ^ is constant, a (global) solution of the Cauchy problem ( |l4| 
is given by l{9) = hO, and the potential of the corresponding g^^ is given by (see (|l2| 
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e^'^. In [P098|| the potential is e^(i°g ll"ll+i°g 11/311)^^/(2'^), where / is any positive real number 



(see |G098, after remark 3]): thus, for h constant, the constant / of [G098| is given by 

2'Kh 



I 



log ||a|| + log 



Remark 3.5 If llal 



, we get 9^e G = log ||a||, log(||a 
vr/i 



and 



9a,f3 



1 



log ||a| 



log ||a| 








I, 



Thus in the case ||a|| = ||/3|| the family given by the theorem 3^ coincide up to a constant 
with the family given by (|9|), where k = vr/i/log ||a||. 

For a general /i f^ the Lee vector field B of ^ is 

B = -47rei + 2 Jm Ge2 + 2 3m{(,i^2) arg(a//3)e3 - 2 ^He(^i6) arg(a//3)e4 

and the "six terms formula" ([ |KN6E , proposition 2.3]) gives 

h'WGf . 2/i'7r2 



27^, 9a,f3C^e,{B),e2) 



gXp{VeAB),e2)=gip{Ve,{B),ei) 



h' 3m Git 



9S,/3(Ve,(i?),e,: 
So the following holds: 



otherwise. 



Theorem 3.6 The metric g^ ^ of theorem 3.5 is Vaisman if and only if h is constant. 



4 Some foliations on x 

On any l.c.K. manifold (M, J, g) with a never-vanishing Lee form io, the following canonical 
distributions are given: 

1. The kernel of the Lee form: since duj = 0, and 

(Lj{X, Y) = Xlo{Y) - Yuj{X) - Lo{[X, Y]) X,Y e X(M) 

such a distribution is integrable, so we get a codimension 1 foliation that we shall 
denote by J^; 



'^'if h is not constant the metric a restricted to the fibre of the projection x ~* does 



depend on 9, so the argument of |G1095, proposition 3 and corollary 2] doesn't apply. 
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2. the flow of the Lee vector field B, dual via g uj: since 



g{B, X) = uj{X) = for every X Gkeico 
this foliation is in fact J^-^; 

3. the flow of the vector field JB: this foliation will be denoted by JJ-^\ 

4. the 2-dimensional distribution spanned by B and JB is J-^(£iJJ-^: whenever the Lee 
form is parallel, this distribution is integrable (see e.g. |CP85, theorem 4.3], but this 



condition is not necessary, as we shall see), and moreover, it defines a Riemannian 



foliation (see |D098, Theorem 5.1]). 



The notation is taken from |CP85] and [Pic9C], where these and other related distributions 
are studied. 

In our case, remark that since to = he^ where h is strictly positive, u> is never-vanishing. 
4.1 The foliation 

The foliation T is simply the spheres foliation given by the diffeomorphism Fa^p: so 
in the parallel case -namely, for h constant- these are totally geodesic submanifolds of 
{S^ X S^,g^j^) (see ICPSSj lemma 4.1]). 



4.2 The fohations J^^, JJ^^ and © JJ^^ 

Let us consider the torus x with coordinates (ti,t2)- The following is well known: 
Lemma 4.1 The curve in x given by the linear functions 

t^(t) = -fi + 6it mod 27r, t2{t) = j2 + mod 27r (15) 

is 

1. compact if 62/Si £ Q; 

2. dense in x otherwise. 

In the case || of the previous lemma, the curve ( p!5| ) is called a toral knot of type 62/61 
(see figure ||). 

Let us now fix a point (©,Hi,H2) in x 5^. To study the leaves passing through 
(0,Hi,S2) of T-^ and JT^ in the case H1S2 7^ 0, we define the submanifold T of as 
the product of two circles of radius respectively e ||H2||: 

T = T(Hi, H2) = X Sjs2\\ C C X C 
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Figure 1: toral knot of type — . 

5 



t2 




Figure 2: the 3-torus x T. 



and we denote by ti and t2 the coordinates on the torus T given by 



6(ti) = Hie^*\ Ut2 



^26 



it2 



(16) 



We then consider in x the real 3-dimensional torus x T, containing the point 
(B,Hi,H2); a curve in this 3-torus is given by 

9 = e{t) mod 27r, ti = ti{t) mod 27r, t2 = t2{t) mod 27r. 

We can visuaUze x T as a cube with identifications (see figure ||). 

4.2.1 The foliation 

The Lee vector field of ^ is 

B = -Airei + 23mGe2 + 2 3m{^iC2) arg(a//3)e3 - 2 9^e(Ci6) arg(a//3)e4 

-we remark that this vector field does not depend on h- and using (|6|) we get 

B = -Airei + 2i{^i arga,^2 arg/3). 

By means of -Fa,/? (formula (^) we can read the Lee vector field as a vector field in — 0, 
where it becomes (see also |G098 , formula (23)]) 



B = -2{zi log ||a||, ^^2 log 
This last expression is easily integrable, and we obtain 
(zi(t),Z2(t)) = (zi(0)e-2*i°slHI,^2(0)e 



-2t log 



t G 



(17) 



(18) 
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where the initial condition (^i(O), 22(0)) is tied to (0,^1,^2) by 

B log a , , Q log , . , , 

Eie^^ = zi{0), E2e^^ = ^2(0). (19) 
We can now pull the integral curve back to x 5'^ via Fa^p: setting 

^,it)e'^ = zi(0)e-2tiog|hll^ me'-^ = z,iO)e-'''^M ^ (20) 

we obtain the following equation for 0(t): 

||zi(0)f e-'°sll"ll(^*+^) + ||z2(0)f e-i°sll'3|l(4*+^) = 1; 
calling X = x{Q, Hi, H2) the unique solution of the equation 

||zi(0)f + ||z2(0)f x'°sll^l! = 1, (21) 

we obtain 

6l(t) = -7r(log2; + 4t) (22) 

and together with (^0|) and ([l9|) we get 

ei(t) = zi(0)e^^^e2^*-s" = Hie^^*-*^", 6(0 = ^2(0)6^^^6^**-^^ = E^e'^'^^^^. 

(23) 

We distinguish two kinds of points in 5^ x 5"^. If H1H2 = 0, say H2 = 0, the leaf 
given by ( p2| ) and ( [2^ ) is contained in 5^ x {(^^ij^) G 5''^ : 6 = 0}- According to 
lemma |4J| , if arga is a rational multiple of vr, the leaf is compact; otherwise it is dense in 
•S*^ X {('^ii6) ^ ■ S,2 = 0}. If H1H2 7^ 0, from equations (p^) we obtain that 6(0 and 
6(t) have a constant positive length for every t, so the leaf is contained in the real 3-torus 

X T defined at page 13. Once observed that = — vrloga; mod 27r, the equations (p2|) 



and ( p3|) can be written as 

e{t) = e - 47rt mod 27r, ti{t) = 2targa mod 2tt, t2{t) = 2targ/3 mod 27r. (24) 
In order to study the compactness of the leaves we remark that: 
1. the leaf projected on T is given by 

ti(t) = 2targa mod 27r, t2(t) = 2t arg /? mod 27r, (25) 



and by lemma 4.1 this is a compact set if the ratio of arga to arg/? is rational; 
otherwise it is dense in T. Since the projection from S"^ x T on T is a closed map, we 
can infer that if the ratio of arg a to arg (3 is not rational then the leaf is not compact. 
If this ratio is rational, then the projected set is a toral knot of type arga/ arg (5 (see 
figure I); 
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Figure 3: projection of the leaf of JJ^^ to T: case arga/ arg/3 G 




t2 



Figure 4: projection of the leaf of JT^ to {t2 = 0}: case (arga)/7r G Q. 

2. the projection of the leaf on the face t2 = of the cube in figure |2| is given by 
9{t) = <d-ATTt mod 27r, ti(t) = 2targa mod 27r, 



and lemma 4.1 gives the condition (arga)/7r G Q (see figure 



3. in the same way, if we consider the projection on the face ti = 0, we obtain 
(arg/3)/7r G Q (see figure ^). 

We then have the three following necessary conditions for the compactness of the leaf: 
argaGQTr; arg/3 G Qtt; arga/arg/3 G Q, (26) 



where any two of them obviously imply the third. Let us show that the conditions ( Pq ) 
are also sufficient to obtain the compactness of the leaf. If the (|26| ) hold, we can choose 
coprime integers / and k such that 

arg a I 
arg/3 k 




t2 



Figure 5: projection of the leaf of JJT-'- to {ti = 0}: case (arg/3)/7r G 
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The equations ( p5D define a closed curve with period /vr/ arga(=A;7r/ arg/?), and the leaf 
is closed whenever the 6{t) given by equations ( p^ ) also has a period that is an integer 
multiple of /vr/arga. If we choose integers p and q such that (arga)/7r = p/q, it is 
straightforward to check that pin/ arga is a period of ^(t), and the proof is complete. To 
summarize: 

Theorem 4.2 Given the 1-dimensional foliation on {S^ >^ S'^ ^ Ja,i3 ^ 9a /b) the following 
holds: 

1. for every a and /5 the leaf through the point (0,Hi,O) (respectively (0,0, ^2)^ is a 
subset of X {(6,6) G 53 : 6 = 0} (respectively S'^ x {(6,6) G 5^ : 6 = 0};. 
T/ifs leaf is 

• compact if arga £ Qvr (respectively arg/3 G QvrJ; 

• dense in S"-*^ x {(6, 6) G -S"^ : 6 = 0} (respectively in S"-*^ x {(6, 6) G S"^ : 6 = 
0} ) otherwise; 

2. for every a and (3 the leaf through the point (0, Hi, H2), where ^ is a subset 
of X T, where T is the torus in the factor of x given by (fJ^j. This leaf 
is 



• compact if any two of the (2t ) hold; 

• non compact otherwise; 

if the leaf is not compact, then its projection on T is 

• a toral knot of type arga/arg/3 if this ratio is rational; 

• dense in T otherwise. 

4.2.2 The foUation JT^ 

The anti Lee vector field JB is given by 

JB = -2 5HeGe2 -2am(66)log||a//3||e3 + 2 9^e(66)log||a//?||e4 
-it is independent of h- and again by (|6|) and (j^ we get 

JB = -2i(6 log ||a||, 6 log m\) = -2i{zi log ||a||, Z2 log 
so the integral curves are 

(zi(s),Z2(s)) = (zi(0)e-2- 11-11, z2(0)e-2-i°s 11/^11). 
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Figure 6: the leaf of JT^, case log ||a||/log G Q. 

These formulas are profoundly different from the previous ones, because of the complex 
exponent: in fact we have 

6'(s) = — vr log 



where x is a solution of (21), and 

If E1E2 = 0, say E2 = 0, the leaf through (e,Hi,0) is {6} x {(6,^2) S 5"^ : 6 = 0}, so it 
is closed. If H1S2 / 0, we again deduce that ^i(s) and ^2(5) have constant positive length, 
so the leaf through (0,Hi,H2) is a subset of {&} x T, where T is still given by (|16|) (see 
figure ^) . 

We have thus obtained 

Theorem 4.3 Given the 1- dimensional foliation JT^ on [S^ x S^, Ja,i3, g'^ p), the follow- 
ing holds: 

1. for every a and (3 the leaf through the point (0,Hi,O) (respectively (0,0, ^2)^ is 
{6} X {(^1,^2) G 53 : 6 = 0} (respectively {6} x {(^1,6) ^ S'^ : = so it is 
compact; 

2. for every a and (3 the leaf through the point (G, Hi, H2), where H1H2 7^ 0, is a subset 
o/{0} X T, where T is the torus in the factor of x 5"^ given by ^1^). This leaf 
is 

• a toral knot of type log ||a||/log ||/?|| if this ratio is rational; 

• dense in {0} x T otherwise. 

4.2.3 The foliation JT^ 

The most interesting distribution is the one generated by both the Lee and the anti Lee 
vector fields: these planes are clearly closed with respect to J, so if the distribution is 
integrable the integral surfaces are complex curves. 
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Theorem 4.4 The distribution ® JT^ is integrable. Moreover this distribution only 
depends on a and (3. 



Proof: It is well known (see [ CP85U ) that if the Lee form is parallel then the distribution 
is integrable: now for the ^ we recall that 

B = -2{zi log ||a||, Z2 log II/3II), JB = -2i(zi log ||a||, Z2 log ||/3||), 

and these expressions are clearly independent of the function h, so for a fixed a and 
f3 we get a unique distribution on x this coincides with the one induced by the 
Vaisman metric given by constant h, and is thus integrable. ■ 



Definition 4.5 We call £a,i3 the unique foliation given by theorem |4.4. 
The following theorem gives an explicit description of the leaves of £a,/3- 

Theorem 4.6 The foliation Sa^p on x is described by the following properties: 

1. for every a and (3 the leaf through the point (0,Hi,O) (respectively (G,0, ^2)^ is 

X {(6,6) G 5^ : 6 = 0} (respectively 5^ x {(6,6) G 5^ : 6 = 0};, and it is 
thus compact; 

2. for every a and (3 the leaf through the point (©, Hi, H2), where H1H2 7^ 0, is a subset 
of X T, where T is the torus in the factor of x given by (fJ^. This leaf 
is 

• compact if there exist integers m and n such that = in this case the leaf 
is a Riemann surface of genus one C/A, where A is the lattice in C generated 



by the vectors v and w given by (31); 



• non compact otherwise, and in this case it is dense in x T. 

Proof: We consider the 2-dimensional real distribution as a field of 1-dimensional 
complex lines generated by B. We remark that if in the expression (^) we formally 
substitute with the real parameter t a complex parameter w we obtain 

{z,{w),Z2{w)) = (zi(0)e-2-i°gll-ll,z2(0)e-2-i°gll'3|l), (27) 

which results in a complex parametrization of the integral surface of £a,f3 passing through 
(0,Si,H2), in the coordinates [^1,2:2]- Again, as in the proof of theorem we find a 
parametrization of the same leaf in the coordinates (^,6,6)- 

9{w) = G — A-ny^ew mod 27r, 

^l{w) = Sj^e^*aTga9te«)g-2jlog||o|| am«)^ (^28) 
^2{w) = ■~^^Q^^^'^S.|3'0^ew ^-2i\og\\fi\\3mw ^ 
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The simplest case H1H2 = follows from the equations (|2^). So we can suppose 
H1H2 7^ 0, and in this case the leaf is a subset of x T, where T is given by (p^). Setting 
*== {yiew,3mw), the equations (28) become 

e{t,s) = e - Ant mod 27r, 

s) = 2(argat — log ||a||s) mod 27r, (29) 
t2it,s) = 2(arg/3t - log||/3||s) mod 2tt. 

Call N this leaf, and consider n {{&} x T). We observe that 6{t) = is equivalent to 
t = m/2 where m is an integer: call the curve given by the equations 

777 

6»(— ,s) = e mod 27r, 

TTl 771 

— , 5) = 2(arga^ — log ||a||5) mod 27r, 

TTl TTl 

t2{-,s) = 2(arg/3- - log \\(3\\s) mod 27r. 

Clearly iV n {{&} x T) is the union of the curves for m G Z. By lemma |4.1| we know 
that Nm is dense in {G} x T whenever log ||Q!||/log ||/3|| is irrational: Nf] {{&} x T) is then 
a fortiori dense in {0} x T, and it is not {0} x T since it does not contain for instance 
the points 

e = @ mod 27r, 

2m + 1 

ti(s) = 2(arga — log||a||s) mod 27r, 

2m -A- 1 

t2(g) = 2(arg/3 ^ -log||/3||g) mod 27r. 

We can use this argument for all 9, so in this case is dense in x T. Otherwise if 
log ||a||/log is rational, the intersection of N with {9} x T is the union of toral knots 
of type log ||a||/log 

Let us now consider the intersection of N with the surface given by t2 = 0: after 
observing that t2 = is equivalent to s = (t arg/3 — m7r)/log \\(3\\ for m integer, let us call 
Nm the curve given by 

t arg /5 — rriTT 

9{t, — ; -— ) = — vrlogx — Ant mod 2it, 

log 



iarg/3 — mvr targ/J — mvr 

— i IT73II — ) = 2(argat-log a — — ) mod 27r, 

log||/3|| log|"=" 

t arg /5 — rrnr 
^2[t, — ) = mod27r, 



(see figure 0). In this case lemma 4.1 shows that every Nm is dense in x {(ti,0) G T} 
whenever (arg a — arg/31og ||a||/log ||/3||)/7r is irrational: the same argument for t2 ^ 
shows that in this case N is dense in x T. 
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Figure 7: intersection of the leaf with the faces of x T: case arga 
arg/31og||a||/log||/3|| G Qvr and log ||a||/ log G Q. 

We are then left to the case 

arga — arg/3 log ||a||/ log ||/3|| log||a| 



TT logll^ll 

namely 

kaiga-l arg (5 ^ p log \\a\\ ^ l_ 

q log||/3|| k ^ ^ 

where I, k, p and q are integers and {p,q) = {l,k) = 1: in this case the intersection of 
with the faces of the figure |^ is a union of closed curves (see figure ^) . 
Choose two integers b and c such that bk — cl = 1. Set 

, def I g if P is odd , def I P if P is odd 

[ q/2 if p is even [ p/2 if p is even 

and remark that in this case the map 

F : M2 — > N C xT 

it,s) ^ {eit,s),ti{t,s),t2{t,s)) 

is invariant with respect to the action on M? of the lattice A vTL © w'L (see figure |8|) 
where 

, g'arg^-p'cTT /CTT 

"^^'^^ log 11/311 ^' " = (°'i^)- 



So we may consider the diagram 

C (32) 




where p is the canonical projection of C on C/A and F is the quotient map of F . Obviously 
F is onto, and the leaf N = F(C/A) is compact. Moreover, since = 7^ 0, is a 
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Figure 8: the compact leaf in the case arga — arg/31og ||a||/log ||/3|| G Qvr and 
log||a||/log||/3|| gQ. 

local diffeomorphism; this implies that A^, being the image of a compact manifold via a 
local diffeomorphism, is a submanifold of H^ p. Thus A^, being closed with respect to 
Ja,/3, is a compact Riemann surface and its genus is one, since it supports a non- vanishing 
vector field. Furthermore F is holomorphic, because, with the chosen parametrization, the 
horizontal and the vertical axes of C are just the integral curves respectively of B and JB. 
It follows that F is a non ramified covering. But it is straightforward to check that F is 
injective also, so it is a biholomorphism. 



Lemma 4.7 shows that the conditions (BO) coincide with the condition a™ = /?" and 



the theorem is proved. ■ 

Lemma 4.7 The conditions ( [3^ are equivalent to the existence of integers m and n, 
where m/n = k/l, such that = (3'^ . 

Proof: The existence of integers m and n such that m/n = k/l and a™ = /?" is 
equivalent to 

log||Q|| n I 

-, = — = T ^'^'^ jmarga + 2r7r|r6Z = jraarg/:/ + 2s7r|sez- (33) 

log||p|| m k 

These conditions obviously imply (]30|) . 



Vice versa, from ( pOD we obtain 

2qk arg a + 2r-K = 2ql arg /3 + 2-k{p + r) for every integer r; 
so, setting m *== 2qk and n '= 2ql, we get (|^ 



The proof of theorem |4.6| allows us to complete the description of the foliation when 
the leaves are not compact: 



Corollary 4.8 When a and j3 do not satisfy (3C), the saturated components of £o,,i3 (^f^ 
of two kinds: 

1. X {(a, 6) G 53 : 6 = 0} and x {(6, 6) e 5' : 6 = 0}; 

2. 51 xr(6,6). 
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Remark 4.9 Because of ([T7|), £a^p is linear in the classification recently given by D. Mall 



in [Mal95]. 



5 Elliptic fibrations on x S'^ 



By the definition of Kodaira in | Kod6^ , 2], an elliptic surface is a complex fibre space of 
elliptic curves over a non singular algebraic curve, namely a map H : S" ^ A where S is 
a complex surface, A is a non singular algebraic curve, ^' is a holomorphic map and the 
generic fibre is a torus. The curve A is called the base space of S. 

In theorem 4.6 we showed that, if a™ = /J" for some integers m and n, then S"^ x S"^ 



is a fibre space of elliptic curves over a topological space A -the leaf space. Now we show 
that such a A is a non singular algebraic curve (actually P^C) and that the projection ^ 
is holomorphic with respect to this complex structure. 

Theorem 5.1 // a"^ = /3" for some integers m and n, the leaf space A of the foliation 
in tori given on x by the theorem ^ is homeomorphic to F^C, and the projection 
^ : X ^ A is holomorphic with respect to the induced complex structure. 



Proof: By lemma 4.7 the hypothesis is equivalent to the conditions (|30|). Choose then 

= and observe that 



the integers m and n minimal with respect to the property a™ 
this implies marga = narg/3 + 2ttc, where c is an integer such that MCD(m,n, c) 
and consider the following map: 



1, 



h : 



51 X 53 
(^,6,6) 



It is an easy matter to verify that on n this map is nothing but the quotient of 



(zi, Z2) '= [z^ : Z2], and we obtain the diagram 



C2-0 



(34) 




We show that h is well defined on the leaf space, and that its quotient h is in fact the 
homeomorphism we are looking for: 



1. h is well defined: if (^,Ci,'^2) is on the leaf passing through (0,Hi,H2), then 9, .^1 



22 



and ^2 are of the form (see (|2^)) 

e{t,s) = e - A-Kt mod 27r, 

and we get 
that is 



and the last member does not depend on t and s. Namely, h is constant on every 
leaf and h is well defined on A; 

h is onto: (0,1,0) i— > [1 : 0] and if we put /i(0,Ci,^2) = [zi ■ Z2] where 2:2 7^ we 
obtain 

Using polar coordinates, that is, choosing real numbers pi, p2, 0i and 62 such that 
£,1 = Pie*^i and .^2 = P2e*^^, the last member becomes 

e ' pi P2 where Pi + P2 = 1- 

The exponent 6c + m9i — n02 covers all the real numbers, and the map 



P?P2^\ ^ = (l-pi)^P2"^ 



Pl = \/1-P2 






covers all the positive real numbers, so h -and, consequently, h- is onto; 

h is injective: suppose that /i(6', ^1,^2) = h{Q,r.i^'r.2) for two points (0,^1)^2) and 
(0,Hi,H2) on 5^ X S^. If ^iHi = 0, then ^1 and Hi must both of them be zero, 
whence (0,Ci)^2) and (0,Hi,H2) lie on the same leaf. If ^iHi / 0, we can write 



oidcpm „iQc'::m' 



(35) 
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Let ^1 = Pie*''!, ^2 = /92e^''2, Hi = Pie'^^ and E2 = ^26^^"; the equation (|5| 
becomes 



pm gi(6c+riim) prn ^i{9c+H\m) ' 



that is 



Pi 



(36) 



y {6 - 9)c + m{rii - Hi) - n(r/2 - H2) = mod 2tt. 

The first equation in (|36| ) , together with + = 1 = -Pf + -ff ' easily gives 

pi = Pi and p2 = P2- (37) 

In order to show that {9, Ci, ^2) and (0, Hi, H2) he on the same leaf, we want to find 
two real numbers t and s such that 



6* = e - 47rt mod 27r, 

— ■^^^2(iMcgat-\og\\a\\s) ^ 

that is, by using (|37|), we want to find two real numbers t and s satisfying 

^ Ant =e-9 mod 27r, 

2 arg at — 2 log ||a||s = rji — Hi mod 27r, 
2arg/3t-21og||/?||s = r]2 - H2 mod 27r. 

The determinant of 

f 4tt 9-6' \ 

2argQ — 21og||a|| r]i — Hi 

\ 2arg/3 -21og||/?|| 7/2 - y 

is zero, because the second equation of (p6|) gives us that 



(38) 



m (second row) — n (third row) = c(first row), 
and the injectivity of h is proved. 

From 1, 2 and 3 we obtain that h: A ^ F^C is a bijective continous map, and so is 
a homeomorphism because of the compactness of A. At least, ^ is holomorphic with 
respect to the induced complex structure -that is, h is holomorphic- because the map (j) in 
the diagram ( |34|) is holomorphic. ■ 



24 



6 Regularity of S^^p and orbifold structure on A 

A quasi-regular foliation is a foliation on a smooth manifold M such that for each point 
p of M there is a natural number N[p) and a Frobenius chart U (namely, a JF-flat cubical 
neighborhood) where each leaf of J- intersects U in N{p) slices, if any. If N{p) = 1 for all 
p, then T is called a regular foliation (see for instance [ BG98| ). For a compact manifold 



M, the assumption that the foliation is quasi-regular is equivalent to the assumption that 
all leaves are compact. A Riemannian foliation with compact leaves induces a natural 
orbifold structure on the leaf space (see | Mol8^ , Proposition 3.7]). This is the case we are 



concerned with, since by |D098, Theorem 5.1] £ci,p is Riemannian. 



Theorem 6.1 The foliation £a,p is quasi-regular if and only if = (3^ for some integers 
m and n; in this case A^(0,Hi,H2) = 1 i/ 7^ 0, whereas A^(0,O,H2) = m and 
N{Q, Hi, 0) = n. In particular, the foliation £a,i3 is regular if and only if a = f3. 

Proof: By theorem we know that all leaves are compact if and only if a™ = f3^, 
and for the points (0,Hi,H2) where H1H2 7^ the thesis is given by the figure ^. We are 
then left to the points (0,O,H2) and (B,Hi,0), when a™ = (3"". We look at the points 
(0,Hi,O), the study of the other ones being analogous. 

We remark that the figure ^ is 3-dimensional, and in order to visualize the 4-dimensional 
neighborhood of a point of x 5'^ we need another 3-dimensional description of the 
foliation £a,/3- consider the stereographic projection 

<j): 53 -(0,0, 0,1) — > 

{xi,X2,X3,X4) I > {xi,X2,X3). 

1 — X4 

It is easy to check that (p{T{^i,S,2)) is generated by the revolution around the ys-axis 
of the circle C(.^i,^2) in the 2/22/3-plaiie centered in (l/||^i||,0) with radius ||C2||/||Ci||- We 
are thus led to the figure U. 



By refining the computation in the proof of theorem i.t, we see that any leaf intersects 
r(^i,,^2) along r toral knots of type l/k, r being the greatest common divisor of m and 
n. This means that each leaf contained in T(^i,,^2) intersects C(^i,^2) in exactly n = rl 
points. Now let 

d/=' U c(6,6) 

and let Us^p the piece of solid torus given by the revolution of angle (—6,6) of Dp. The 
neighborhoods of (0, Hi, 0) of the form (0 — e, + e) x Us^p contain each leaf in n = rl 
distinct connected components, and this ends the proof. ■ 
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Remark 6.2 We thus have an orbifold structure on the leaf space A, with two conical 
points of order m and n, respectively (see [ |Mol88 , Proposition 3.7]). In particular, a local 



chart around the leaf through (0,Hi,O) is given by Dp/r„, r„ being the finite group 
generated by the rotation of angle 27r/n. 

Remark 6.3 In the preceding section we gave A a structure of complex curve; this does 
not contradict the orbifold structure, it simply means that the two structures are not 
isomorphic in the orbifold category. In fact, any 2-dimensional orbifold with only conical 
points is homeomorphic to a manifold. 
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